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Introduction
A vast literature has been devoted to the dynamic analysis of distributed-parameter systems, such as beams and cables, crossed by one or more subsystems (see, e.g. Tzou and Bergman, 1998; Frýba, 1999) . Indeed, this topic is of great interest in many engineering applications, such as the design of bridges, railway tracks, cableways, etc. It has long been recognized that the passage of a vehicle may induce significant impact (or dynamic amplification) effects in the supporting structure. For this reason, in the last decades several studies have focused on the problem of bridge-vehicle dynamic interaction (see, e.g. Yang et al., 2004) . The simplest vehicle model adopted in the literature with the aim of investigating this phenomenon is the so-called "moving oscillator" model. This type of moving subsystem is characterized by finite coupling stiffness and damping between a single lumped mass and the supporting structure, and allows to take into account the main vibrational properties of the vehicle; thus, it turns out to be more realistic than the well-known "moving force" and "moving mass" models.
Furthermore, multiple moving oscillators at fixed relative distance can be used to simulate the behaviour of complex vehicles without resorting to more sophisticated models, with many degrees of freedom. This paper revisits the moving oscillator problem, extensively studied in the literature, with the intention of highlighting some theoretical and practical features which, to the authors' best knowledge, have not been addressed in previous investigations. First, in the vast majority of contributions the problem is formulated in terms of absolute displacements of the moving oscillator (Chatterjee et al., 1994; Pesterev and Bergman, 1997a , 1997b Muscolino et al., 2001; Chen et al., 2002; Pesterev et al., 2003; Chang et al., 2006; Stăncioiu at al., 2008) , while comparatively few authors make use of relative displacements (Yang et al., 2000; Biondi and Muscolino, 2005; Muscolino and Palmeri, 2007; Muscolino et al., 2007a Muscolino et al., , 2007b . However, advantages and disadvantages related to the use of the two formulations seem to have never been discussed in the literature through a comprehensive comparison. Furthermore, the attention is usually focused on the time interval in which a single vehicle crosses the bridge, while just few studies concerning multiple moving oscillators are available in the literature (see, e.g. Cheng et al., 1999; Pesterev et al., 2001; Biondi and Muscolino, 2005) . In particular, as far as the authors know, the dynamic effects arising when a vehicle crosses the supports of the bridge have not been specifically investigated by other researchers.
In the present study, with the intent of providing a deep insight into the aforementioned aspects, the bridge-vehicle dynamic interaction is scrutinized by considering a simply supported Bernoulli-Euler beam vibrating under a stream of moving oscillators. Both the formulations in terms of absolute and relative displacements are reviewed and compared. In particular, it is analytically demonstrated and numerically confirmed that impulsive terms arise in the relative displacement formulation at the time instants in which each vehicle enters or exits the bridge (Muscolino et al., 2007b) ; that is, Dirac's delta functions ideally centred at bridge supports appear in the governing equations. It is worth emphasizing that such terms, which stem from the so-called convective acceleration, do not arise when absolute displacements of the oscillators are considered, being in some sense "hidden" as the Dirac's delta functions enlightened by Makris (1997) in a completely different context. As a matter of fact, numerical results prove that in the relative displacement formulation, especially when many oscillators are dealt with, these impulsive terms may have a significant influence on the vibration of the moving oscillators, and therefore cannot be a priori neglected in the dynamic analysis. Classical mode superposition technique is applied to get an approximate solution of the problem, formulated either in terms of absolute or relative displacements. In both cases, a set of coupled ordinary differential equations with time-dependent coefficients is obtained. More precisely, when the absolute displacements of the moving oscillators are used, the mass matrix in the modal space is a constant diagonal matrix, while stiffness and damping matrices are timedependent ones; furthermore, the stiffness matrix turns out to be non symmetric. In the relative displacement formulation, on the contrary, all the matrices are time-dependent ones; moreover, only the mass matrix is symmetric, while impulsive terms arise in the stiffness matrix at the entrance and exit times of each moving oscillator. Interestingly, simple transformations of coordinates provided in Appendix allow to pass from the matrices in the space of absolute displacements to the corresponding ones in the space of relative displacements, and vice versa.
For validation purposes, a simply supported beam carrying a pair of moving oscillators is analyzed by applying the two formulations derived in the paper. Numerical results in terms of beam's transverse displacements and beam-oscillator interaction forces are presented and discussed, focusing the attention on the effects of the impulses in the relative displacement formulation. It has to be emphasized that these results are not restricted to the case of simply supported beams only, being valid for any type of bridge structure where a discontinuity appears in the slope of the road profile experienced by the vehicles. In all these situations the analytical and computational burden associated with the additional impulses arising in the relative displacement formulation make preferable the one in terms of absolute displacements of the moving subsystems.
Simply supported bridge carrying multiple moving oscillators
Without lack of generality, let us consider a single-span simply supported bridge, initially at rest, crossed by v n vehicles moving from left to right ( Assuming that the only dynamic loads are those due to the v n moving vehicles, the bridge vibration is governed by the partial differential equation: Clearly, when all the oscillators are outside the bridge, the last term in Eq. (1) 
where: 
where the over-dot denotes total derivative with respect to time t and:
In the previous equations,
denotes the j -th undamped circular frequency of the beam, and b ζ is the modal damping ratio, herein assumed constant in all vibration modes.
In the next sections, the expressions for the interaction forces either in terms of absolute or relative displacements of the moving oscillators will be deduced. Then, in both cases the equations governing bridge-vehicle dynamics in the modal space will be derived.
Equations of motion in terms of absolute displacements
The equation of motion of the i -th traveling oscillator, in terms of absolute displacements, can be written as:
where ( 
where g is the acceleration of gravity, and Eq. (7) has been taken into account.
Assuming that there is no loss of contact between vehicles and road surface, the compatibility between bridge and vehicle vibrations is ensured if the relationship: given by:
where the geometric boundary conditions for the simply supported beam have been taken into account. Upon substitution of Eq. (3) into Eqs. (9) and (10), we get the kinematical relationships:
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where the prime means total derivative with respect to z , that is:
with 
Substituting Eqs. (11a,b) into Eq. (7), the equation of motion of the i -th moving oscillator takes the form:
Then, the equations governing the motion of the v n oscillators can be posed in a compact matrix form as:
where the array of the absolute displacements of the moving oscillators is
u t u t u t K , and where:
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Upon substitution of Eqs. (11a,b) into Eq. (8), moreover, the expression of the interaction force v, ( ) i f t , in terms of beam's modal coordinates is obtained:
Finally, substituting Eq. (18) [ ]
where : [ ] 
where the subscript "a" stands for "absolute displacements" and where: From a numerical point of view, it is advantageous to make all the entries of the matrices appearing in Eq. (21) have the same physical dimensions. To this aim, the position
is introduced, so that Eq. (21) can be rewritten as:
Equations of motion in terms of relative displacements
The equation of motion of the i -th traveling oscillator in terms of relative displacements can be written as (analogous to Eq. (7)): 
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where use has been made of Eq. (9).
The interaction force v, ( ) i f t , concentrated at the abscissa v, ( ) i z t , coincides with the reaction of the spring-dashpot system. Thus, it can be expressed as (analogous to Eq. (8)):
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Taking into account that 
As a result, the transverse acceleration experienced by the i -th moving oscillator when in contact with the supporting beam depends also on its longitudinal position v, ( )
By taking into account the geometric boundary conditions for the simply supported bridge, and recalling also the properties of the derivatives of the Dirac's delta function (Bracewell, 1999) 
Then, the first term in the right-hand side of Eq. (30) takes the form: 
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where:
Then, the equations governing the motion of the v n oscillators can be written in a compact matrix form as (analogously to Eq. (15)):
where the array of the absolute displacements of the moving oscillators is v ( )
u t u t u t K , and where: 
By applying to Eq. (35) the coordinate transformation of Eq. (3), the expression of the interaction force in terms of beam's modal coordinates is obtained (analogous to Eq. (18)):
where the subscript "r" stands for "relative displacements" and where:
The equations of motion (47) can be integrated by means of a suitable step-by-step algorithm, paying special attention to the impulsive terms appearing in the stiffness matrix ( ) t k % at the entrance and exit times of each oscillator.
Numerical applications
For validation and comparison purposes, the alternative formulations presented in the 
, while the interaction force between the beam and the i -th oscillator is given by: 
Conclusions
The "moving oscillator" problem, extensively adopted in the literature to simulate bridgevehicle dynamic interaction, has been reviewed in this paper, with the aim of providing a deeper insight into some theoretical and physical issues not specifically addressed by other investigators. Without lack of generality, the case of a simply supported bridge BernoulliEuler beam carrying multiple moving oscillators has been considered. For comparison purposes, the governing equations have been derived both in terms of relative and absolute displacements of the oscillators. It has been shown that impulsive terms, i.e. Dirac's delta functions, appear in the relative displacement formulation when a vehicle enters or exits the beam. To the authors' knowledge, presence and relevance of such terms have been not revealed in the past, probably because the attention in most of the previous studies has been mainly focused on the time interval in which the vehicle travels on the bridge, rather than on the dynamic effects arising when the vehicle crosses the supports of the bridge. Numerical results have demonstrated that in the context of the relative displacement formulation these impulsive terms, in some sense "hidden" in the absolute displacement formulation, cannot be neglected, since they prove to have a significant influence on the response of the moving oscillators. Furthermore, it has been shown that these impulses make the relative displacement formulation more cumbersome, both theoretically and practically, than the one in terms of absolute displacements. On the other hand, the formulation of the problem in terms of relative displacements of the moving oscillators might be properly exploited to cope with more complicated models of vehicles. Specifically, in this case it appears more advantageous to define first the mass, damping and stiffness matrices in terms of relative displacements resorting to the substructure approach. Then, in order to perform the dynamic analysis, the corresponding matrices in the space of absolute displacements could be derived by using an appropriate extension of the transformations of coordinates provided in Appendix for a stream of moving oscillators. 
